We show how a recently proposed supersymmetric quantum mechanics model leads to nontrivial results/conjectures on the combinatorics of binary necklaces and linear-feedback shift-registers. Fermi statistics plays a crucial role by projecting out certain states/necklaces by virtue of Pauli's famous exclusion principle. Some of our results can be rephrased in terms of generalizations of the well-known Witten index. 
Introduction
Binary necklaces (BNLs) and linear-feedback shift-registers (LFSRs) are much studied objects in the branch of mathematics known as combinatorics (for standard textbooks, see for example [1] , [2] ). Let us start by recalling what is known in the literature about counting and/or enumerating these objects.
For BNLs the most relevant results are from Polya's theory of counting [1] . For reasons related to the physical model described below, we shall denote by B the number of beads of one type and by F the number of beads of the second type in the BNL. The total number of beads will be denoted by n (n = B + F ). The number of BNLs with some given B and F is given by Polya's formula:
where d|B, F means that d divides B and F , and ϕ(d) is Euler's "totient" function, counting the numbers in 1, 2, ..., d − 1 relatively prime to d. After summing eq. (1) over B while keeping n fixed, we obtain the well-known MacMahon's formula [1] :
The numbers generated by eq. (2) define a series of integers known [3] as A000031(n). Its definition in [3] is indeed: A000031(n) = Number of n-bead necklaces with 2 colours when turning over is not allowed, meaning that one distinguishes BNLs that differ by reversal of the ordering of the beads.
Other interesting integer series are provided by various kinds of LFSRs. In particular, the expression for series A000016(n + 1) defined as [3] :
A000016(n+1) = Number of distinct (infinite) output sequences from binary n-stage shift register which feeds back the complement of the sum of its contents. Twice that number bears an amusing similarity to eq. (2):
and is also known to coincide with A063776(n): A063776(n) = Number of subsets of {1, 2, . . . , n} which sum to 0 mod n. In this short note (that we hope will be accessible both to physicists and to mathematicians), we will discuss some amusing properties of these series via a supersymmetric quantum-mechanical system, a "matrix model" recently introduced and discussed by two of us [4] , [5] . The dynamical variables of this model are N × N complex matrices of two kinds: an ordinary bosonic one, corresponding to operators with certain commutation relations (in the sense of quantum mechanics), and a fermionic one corresponding to Grassmann operators with anticommutation relations. Its Hamiltonian is given by the anticommutator of two nilpotent supersymmetry charges ensuring supersymmetry of the eigenvalue spectrum. After taking an appropriate large-N limit, the only surviving states correspond to (single) traces of products of matrix-valued operators and, as such, they can be put in one-to-one correspondence with BNLs (the two colours representing bosons and fermions). However, Fermi statistics provides a well-defined "Pauli razor", which projects out a subset of all BNLs.
In other words, the full set of BNLs can be split in two subsets: the first, to be called Pauli-allowed necklaces (PANs) is in one-to-one correspondence with the states allowed by Fermi statistics; the second, consisting of Pauli-forbidden necklaces (PFNs), is associated with BNLs whose corresponding physical state is killed by Fermi statistics. It is quite easy to identify the necessary and sufficient condition for a BNL to be a PFN:
A BNL with Z k symmetry, k even, and
odd, is a PFN and vice versa Because of the cyclic invariance of a trace and of Fermi statistics, we find that these states are equal to their opposite and hence vanish.
In the subspace of all PANs supersymmetry manifests itself in terms of the existence of doublets of energy eigenstates (with non-vanishing eigenvalue) consisting of a boson (a PAN with even F ) and a fermion (a PAN with odd F ).
A sketch of the final outcome (to be discussed in more detail below) is anticipated in fig.1 , where the connection to LFSRs is also shown. If n is odd, there are no PFNs (as obvious from the above-stated condition) and the number of "even" and "odd" necklaces (meaning BNLs with even and odd F ) is obviously identical. If n is even, however, all odd-odd necklaces are also PANs, while a well-defined subset of the even-even necklaces are PFNs. Precisely the removal of these PFNs should give back the balance between even-even and odd-odd PANs (with the same n) required by supersymmetry.
The rest of this note goes according to the following outline. In Section 2 we show how odd BNLs (equivalently odd PANs) are connected to the special class of LFSRs whose counting is given by eq. (3). Using our supersymmetric model at weak coupling (where the analysis is fully under control) the total number of PANs will be twice the number of LFSRs and thus given again by the r.h.s. of eq. (3). By simply taking the difference between eqs. (2) and (3), we arrive at a MacMahon-like formula for the number of PFNs of total length n:
Since we have our independent definition of PFNs based on Fermi statistics and Pauli's principle, the above relation is non-tautological: it has been explicitly checked up to n = 26 by a sieve method and will be shown to be a corollary of our main theorem of Section 3.
In Section 3 we derive the analogue of Polya's formula (eq. (1)) for the case of PFNs. Again by simple subtraction, this also provides a nice formula for the number of PANs in the even-even case. Once more, supersymmetry implies that, upon summing at fixed n, one should recover the same number as the one given in eq. (3) for odd-odd BNLs. An independent proof of this result by standard combinatorial techniques is given in the appendix. In Section 4, we turn to more conjectural claims based on the study of the largecoupling limit of the supersymmetric model (over which we still do not have full control). These "predictions" can be expressed in terms of the outcome of alternating sums of various types (generalizations of the well-known Witten index [6] ) and have been verified numerically up to values of n in the few thousands.
Pauli-allowed necklaces and linear-feedback shift-registers (LFSRs)
In this section we want to show that the LFSRs counted by eq. (3) are in one-to-one correspondence with odd PANs (BNLs) of length n+1. ¿From now on, we reserve the term "odd necklace" to one with an odd number of fermions (1's in its binary representation).
Our proof goes as follows (giving n = 3 as an example):
• Take an arbitrary binary number with n digits:
(000, 001, 010, 011, . . . , 111);
• Start adding digits to its right by the following rule (linear feedback): add a 0 if the sum of the three digits is odd and a 1 if the sum is even. This gives:
(0001, 0010, 0100, 0111, . . . , 1110);
By construction, the sum of the 4 digits is always odd.
• Repeat the procedure by applying the rule to the new last three figures. The result is (00010, 00100, 01000, 01110, . . . , 11101) . Clearly the 5th figure coincides with the first. If we keep going, we get a series that is periodic with period 4. The claim is that the distinct LFSRs thus obtained are in one-to-one correspondence with odd BNLs of length n + 1. We have already argued that elementary cells of length n + 1 have an odd sum. Also, if two cells of length n + 1 are related by a cyclic transformation, they lead to the same infinite periodic structure. Thus every inequivalent, odd necklace of length n + 1 gives a distinct infinite sequence of period n + 1 and vice versa. In conclusion:
This leads immediately to the equations anticipated in the previous section.
Counting PANs and PFNs
We would like to find the generalization to PANs and PFNs of the counting formula eq. (1) . Equivalence between BNLs and PANs when F is odd tells us that, in this case, we simply have:
By an obvious symmetry, the same formula holds if B is odd and F is even. The only tricky case, again, is the one where both B and F are even: here we want to distinguish PANs from PFNs and count them separately for given values of B and F .
This time it turns out to be easier to find first the general formula for the number of PFNs, which, when combined with Polya's eq. (1), will produce as a corollary also the number of PANs. Our claim is as follows: Theorem 1. The number of Pauli Forbidden Necklaces is given by
where r is the unique positive integer (if it exists) for which F/2 r = f is odd and B/2 r = b is an integer. If such an r does not exist, N PFN (B, F ) = 0.
Proof. Recalling that PFNs are Z p -symmetric with p even and F/p odd it is clear that, by writing p = 2 r q with q odd, F/2 r = f must be odd and B/2 r = b must be an integer. If we now consider any sequence of length b + f (a cell repeated 2 r times along the whole BNL), we see that such a cell is itself an arbitrary necklace with b bosons and f fermions and symmetry Z q with q any odd number. Since f is odd, such a Z q symmetry covers all possible cases, and therefore the number of inequivalent cells is indeed given by Polya's formula; notice that a different cyclic permutation of the elementary cell gives the same necklace, because a cyclic permutation of the cell is equivalent to a cyclic permutation of the whole necklace.
By taking the difference between eq. (1) and (7), we finally conclude that:
where r is as defined after eq. (8) for fixed (even) n should reproduce exactly the same number as twice the sum over the fermionic supersymmetric partners, i.e. just eq. (3). We have verified numerically that this is the case up to n = 3000 and later found a direct mathematical proof reported in the appendix. The existence of such a proof confirms the solidity of the supersymmetry-based arguments, as well as their considerable heuristic value.
Witten-like indices
The formula for N PAN must pass a series of checks, coming from the properties of the supersymmetric model at weak and strong coupling. In the first, weak-coupling regime, which is fully under control, supersymmetry tells us that PANs of a given n = B + F should organize themselves in supersymmetry doublets, each of which consists of a PAN with some B and F and one with B ′ = B ± 1 and F ′ = F ∓ 1. Since the number of such pairs is always non-negative, we obtain the following inequalities for graded partial sums (a kind of generalization of Witten's index [6] ):
where the last equality corresponds to that between even and odd PANs with a given n. The above consequences of supersymmetry have been explicitly checked up to n ∼ 5000), while, so far, we have not been able to construct a direct proof of them by more standard techniques. The strong ('t Hooft) coupling limit of the model of [4] can be shown [7] , [8] to imply instead that PANs must also organize in supersymmetry doublets whose partners have the same value of B + 2F (and again differ by one, positive or negative, unit of F ). A look at table 1 shows that, along diagonals at fixed B + 2F , the balance between even and odd PANs is not always satisfied. This implies that, along those diagonals, there must be, at large coupling, (unpaired) E = 0 states.
The large-coupling limit unfortunately is not fully under control yet. Therefore, in this case, the connection between eigenstates and PANs can be used in either direction to infer properties of one in terms of known properties of the other. For instance, some evidence has been accumulated on where zero-energy states lie in the B, F plane. On the basis of this evidence we can conjecture new checks on our formulae for N PAN by the following property of a second Witten-like index:
(with m ≤ n) and, in particular,
Our formulae passed the test of these (in)equalities for n ≤ 5000. Actually, when B + 2F is small, the zero-energy eigenstates causing the imbalance can be uniquely identified in table 1, while, for the moment, their identification can only be guessed at (and verified later) for B + 2F large. This is how we arrived at the conjecture [8] that, at strong coupling, there is one and only one zero-energy eigenstate for each even value of F and B = F ± 1, a conjecture leading precisely to eqs. (10) and (11).
Finally, it is amusing to notice that the total number of strong-coupling eigenstates at these special locations (forming a kind of magic staircase in table 1) is given by the sequence 1, 1, 2, 5, 14, 42, 132, 429, 1430, 4862, 16796, 58786, . . . which is easily recognized as being that of Catalan's numbers:
Catalan's numbers are ubiquitous, 66 appearances of them being listed in Stanley's treatise [2] . It is easy to convince oneself that to every necklace with |B −F | = 1 one can associate an infinite sequence of ups and downs describing a mountain profile, the number of which is precisely given by Catalan numbers [9] . These entries belong to the subset with N PFN = 0, since either B or F is odd. Other diagonals can be identified with known sequences; for instance, N PAN (F ± 2, F ) is identical to the number of plane trees with odd/even number of leaves (A071684, A071688 [3] ). To summarize our main results:
• We have been able to divide all binary necklaces in two disjoint classes, which we termed Pauli-allowed and Pauli-forbidden (PAN and PFN, respectively).
• At the most "inclusive" level, the number of BNLs with a total number n of beads, as given by MacMahon's formula (2) , is split into PANs and PFNs by restricting the divisor d in (2) to odd and even values, respectively.
• At a more "differential" level, the number of BNLs with B bosonic and F fermionic beads is rewritten in terms of PANs with different values of B and F via eq. (8), which can also be rewritten as:
where r is as defined after eq. (7). We have verified numerically (and then proved directly, see appendix) that the appropriate sum performed on (12) reproduces the above-mentioned relation at fixed n = B + F .
• Supersymmetry implies several non-trivial constraints on N PAN (B, F ) and thus, through (12), also on N BNL (B, F ). Examples have been given in Section 4, but we stress that, by suitably extending the supersymmetric model under consideration, it is quite conceivable that many more constraints will emerge, not only for BNLs, but also for their generalization to more than two kinds of beads.
This new game (that we may dub "super-combinatorics") should reserve further surprises both for physicists and for mathematicians.
Appendix: Proof of consistency between eqs. (4) and (7).
Proof. Let n = 2 r q, with q odd. We have 
Note added
Meanwhile, Don Zagier has rederived many of the formulae we have presented here by more sophisticated and powerful methods. He has also obtained an explicit formula for the generating function of N PAN (B, F ):
on the basis of which, by setting y = −x 2 and summing over n, it is not hard to prove the validity of eq. (11) for all values of n. We are very grateful to Professor Zagier for his interest in our work, for informing us of this new result, and for giving us permission to report it here.
